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Fourier Series

Let p > 0 be afixed number and f{x} be a periodic function with a period 2p, defined on {-p, p).
The Fourier series of f(x) is a way of expanding the function f(x} into an infinite series involving
sines and cosines:

(i nar

, 0 = HIT ,
x)=—+ 1, COS x+ b sin—=x|.
f{ ) 2 ”21({ n ‘U L] ‘f_] )

i LX) X, o, — , J1LX) COSs X X, Ly — JlX) s1n AL
I3 ) } ¥ ) f
I ." F -

Note: P is half the period!

From a practical point of view, it suffices to calculate the integrals above and plug them
into the big formula. Couple of other things to know:

e sin(+-nm)=0

e COS(+-nm) = (-1)"
e cos(—n) = cos(n)
e sin(—n) = —sin(n)

Some useful trig identities
e sin(a)sin(b) = %[cos(a—b) - cos(a + b)]
e cos(a)cos(b) Y[cos(a —b) + cos(a + b)]
e sin(a)cos(b) [sin(a + b) + sin(a — b)]
e sin(a + b) = sin(a)cos(b) + cos(a)sin(b)
e cos(a + b) = cos(a)cos(b) + sin(a) sin(b)
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Fourier Series Convergence

Let fand /” be piecewise continuous on the interval [—p, p]. Then for all x in the
interval (—p, p), the Fourier series of f converges to f(x) at a point continuity. At a
point of discontinuity the Fourier series converges to the average

fx+) + f(x—)

-~ k]

where f(x+) and f(x—) are the right- and left-hand limits of f at x, respectively.

Simply Put:
When a Fourier series is continuous at a point, then it converges to that y-value
When a Fourier series is discontinuous at a point, then it convers to the average y-value

N
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Fourier Series

Example
Find the Fourier series of f on the given interval.

-1, —-nw<x<0
2, 0<x<m

o=

Give the number to which the Fourier series converges at a point of
discontinuity of f
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Fourier Series

Example
Find the Fourier series of f on the given interval.

1, -1<x<0
f(x)_{x, 0<x<1

Give the number to which the Fourier series converges at a point of
discontinuity of f
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Fourier Series

Example
Find the Fourier series of f on the given interval.

0, - m<x<O0
f(x)_{sinx, 0<x<m

Give the number to which the Fourier series converges at a point of
discontinuity of f
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Fourier Series

Example
Find the Fourier series of f on the given interval.

0 —2<x<-1

_ )2 -1<x<0
FO=91 og<x<t
0 1<x<?2

Give the number to which the Fourier series converges at a point of
discontinuity of f
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